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UNIVERSITY OF NORTH BENGAL
B.Sc. Major 3rd Semester Examination, 2025

MATHMAJ305-MATHEMATICS
GROUP THEORY
Time Allotted: 2 Hours 30 Minutes Full Marks: 60
The figures in the margin indicate full marks
All symbols are of usual significance,
GROUP-A
. Anxweranjrfanrqwsﬁms: Ix4 =12
(a) Show that f:R—> R defined by f(x)=x-x, xeR is surjective but not 3
injective, -
(b) Let H be a subgroup of G. Show that {aH | a € G} forms a partition of G. 3
(¢) Prove that a non-commutative group of order 8 must have an element of order 4. 3
(d) Find all homomorphisms of the group Zg onto the group Z 4. 3
(¢) Define simple group. Show that a cyclic group of prime order is a simple. 142
(f) Prove that every subgroup of the center of G is a normal subgroup of G. 3
GROUP-B
Answer any four questions 6x4 =24
2. State and prove First Isomorphism theorem. 6
3. Let H be a subgroup of G such that [G: H] = 2, show that H is normal in G. 4+2
Hence deduce that Asg is a normal subgroup of Ssp -
4. (a) Show that Z,q, the additive group of all integers modulo 10 is a cyclic group. Find 4
all generator of Z;,.
(b) Show that the group (Q, +) is not cyclic. 2
5. Let Gbeagroup and a e G suchmara{a}=n,thenpmwﬂmtforavary meN 6
a(a®)= -
ged (m, n)
L 2 348 - . (1234 5. _
6. Ifﬂr—(3 21 8 4J and ﬁ-(z 43 5 I)m 8¢, find a permutation v 6

in S¢ such that av = 4.
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7. Prove that any two left cosets of a subgroup H in a group G are either identical or
disjoint.
GROUP-C
Answer any fweo guestions
8. (a) Prove that a subgroup H of a group & is normal iff aHa™' = H forall aeG.

(b) Is the mapping /: R — (-1, 1) defined by f(x)=1+‘Txl for all x « R bijective?

Justify your answet,

9. (a) Show that every subgroup of a cyclic group is cyelic.

(b) Define poset.

(¢) Let G=(C,+) and G'=(R +)and ¢:G — G' is defined by ¢(a+ib)=a. Prove
that ¢ is a homomorphism and find ker¢.

10.(a) Prove that a finite group G is cyclic iff there exists an element a€ G such that
o(a)=|G|.

(b) Let H be a subgroup of a group G. Define N(H)={ge G| gHg™' = H}, where
gHe ™' ={ghg™" |he H}. Show N(H) is a subgroup of G. What is N(H)
called?

11.(a) Let G be a group and H, K be two subgroups of G. Prove that HK is a subgroup of
G iff HK = KH ,where HK ={hk| he H, ke K} .
{b) Using group theory prove that (1320)® =1 (mod 7).

b
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UN]VERSITY OF NORTH BENGAL
B.Sc. Major 3rd Semester Examination, 2025

MATHMAJ306-MATHEMATICS

THEORY OF REAL AND COMPLEX FUNCTIONS
Time Allotted: 2 Hours 30 Minutes Full Marks: 60

The figures in the margin indicate full marks.

GROUP-A
; Answer any four questions: 3x4=12
(a) Show that xED f(x) does not exist where f(x)=sinl/x, x=0. 3
(b) A function f: R — R is continuous on R and f(x)=0 for all x € Q. Prove that 3
f(x)=0 forall xeR.
(¢) Prove that between any two real roots of the equation e cosx+1=0 there is 3
atleast one real root of the equation e*sinx+1=0.
(d) Find the bilinear transformation which transforms the pﬂint_s z=2,1,0 into 3
w=10,i respectively.
(¢) Let f: R — R be a function such that | f(x)~- f(¥)| < (x—y)* forall x,yeR. 3

Then prove that f is a constant function on R.

() Foreach ne N, let f,,{x}=l-—%, x€[0, 1]. Show that the sequence {f,(x)} is 3

uniformly convergent on [0, 1].

GROUP-B -
2. Answer any four qux:sﬁ'nns: 6%4 =24

(a) Let /: R — R be a continuous function on R and f(x+y)= f(x)- f(y) for all 6

x, yeR. Show that either f(x)=0 VxeRor f(x)=a" VxeR, where a is
some positive real number,

(b) Considera function f: € — € defined by 6
0 ,when z=0

f(2)=4{ -5 3 4y
x +3° :tz+y

, When z =0

Show that the function f/ satisfies the Cauchy-Riemann equations at the origin,
but f is not differentiable at z=0.
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(c) Define uniformly continuity of a function prove that
f(x)=sinl/x , x=0
= 10 . x=0
is not uniformly continuous on [0, «).
(d) Find the points of local maximum and minimum of the function f; where

f(x}—i_‘:ﬁﬁ reR
x2 4+3x+1

(e) State and prove Taylor’s theorem with Lagrange’s form of remainder.

=1x ~Ax —Hr
(f) Discuss the uniform convergence of the series l+;1 l+; l+:’ 1+
forall x=0.
GROUP-C
3 Answer any fwe questions: 12x2 =

(a) (i) State and prove sequential criterion for continuity.

(ii) Use mean value theorem to prove that <tan 'x<x, Vx>0.

Id x>

-

(b) (i) Prove that the sequence £ (x) = ifm,

x 20 is not uniformly convergent on
[0, <0) , but the convergence is uniform on [a, ) if a>0.
(ii) State Weierstrass M-test for series of functions. Show that the series

Eﬁ 18 uniformly convergent for all real x.
n+n'x

(c) (i) Show that Cauchy-Riemann equations are necessary conditions for analyticity
of a function but not sufficient. Can one define analytic real valued function
of real variable? If possible then define.

(11) Find the Maclaurin’s infinite series expansion of the function f(x)=(1+x)",
xelR
(d) (i) Find the nnalyttc function of which the real part is
“F4(x? —y?)cos y+ 2xysin _}-'}

(ii) If f(x)=sinx, prove that h{..rmfi-—-jl_j— , where @ is given by

fih)=f(0)+hf"(Bh) , 0<@<I
(iii) Using Cauchy’s principle show that {.:w xcoslfx=0.

—_——
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UNIVERSITY OF NORTH BENGAL
B.S¢. Minor/Dsc 3rd Semester Examination, 2025

MATHMIN303/MATHDSC303-MATHEMATICS

REAL ANALYSIS
Time Allotted: 2 Hours 30 Minutes
The figures in the margin indicate full marks.

GROUP-A / @et9-3 / g
1 Answer any four questions from the following:
frrfiee emelm w0 - W oAl eivem T we:
ﬁ gV UHESS I o
(a) Examine whether log,, 5 represents a rational number or not.
T51E FTA log,, 5 e A7 Faan)
log,, 5 & rational ¥4 HT witFite 78, Wig W)

1 1
— -+ + —dranrran
1.2 2.3% 3.4

(b) Test the convergence of the series

Lot Loy ol wfom® Rem aom 3

a

e
.22 2.3 " 3.4

1 1 1
T T R At 31 AP A TR |

(c) If 4 be a non-empty bounded subset of R, then prove that Inf 4 <Sup 4.

A (% R-<14 non-empty bounded THED 20, S2re Wi FTA1 Inf A<Sup A |
a4 RS RE TP TRaE I59gzad 81 97 Inf A < Sup 4 TR |

‘ (d) Check whether the set {—1+—]r;: ne m} is closed or not.
(612 F 2 {—1+%: nEH} G closed B
TEaY Jl—l+%: ne m} U B a7 O W g W
(e) Verify Bolzano-Weierstrass theorem for the set {Ll :nel }

n+

{i-: ne N} (ﬂmm Bolzano-Weierstrass B#i=iwi 3152 =t

n+1

3079_3080 1
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A

(®

(a)

(b)

(c)

Bolzano-Weierstrass SUTel 7118 WHEo {Ll: ne N} & AR =R R |
n+

Prove that MxN is an enumerable set.

21 T3 NxN @& enumerable 51

NN TFer T e 8 S+ 5 R |

GROUP-B / Ren-4 / wg-a

Answer any four questions from the following:

fefafs aefr WG A-F A oo Tea met

T TV SHEED] TR S

Show that the union of an arbitrary collection of open sets in R is an open set. Is
the intersection of an infinite number of open sets in R open? Justify with proper
explanation.

(w418 (U, R-89 @-CFW open set-43 union, open set T R-4% TPRY open set-44
intersection, open set TA T 7 ToEE IREHE TG FEM
RmomﬂgﬁwwmﬁanpeanWWmﬁskm
open THTHIEEE! 3T HEIH! WSS TSI open WHTHY §O | ! ST
e R | -

Let g be the collection of open intervals f, ={xcR :—n<x<n}, where neN.

Show that the collection g is an open cover of the set §. Also, show that there is
no finite subcollection of the family g that can cover the set .

@AF g | ={xeR :—n<x'<n), @WA neh, open R@TEE M| (ode
@, g PO Q GT6F open cover! TR, (R (1, g IRIFHA ST (FIH N
T (1% @B Q-0F cover FEI

7t g open INEEES [, ={xeR :—n<x<n} WIE T, 9E neN| WE g
Fgﬁuqﬁmopmcwcr?fﬂ?ﬁmﬂﬂQmﬁcnvwﬂgﬁﬁﬂﬁﬁﬁﬁ
Y HIE B W O 0T R |

State and prove Archimedean property.

Archimedean property-ii 9@ a1 @3 21 FTHT |
Archimedean 2} T[oT Ieera 3 SR |

(d) Test the convergence of the series 1+1+—+—+ ------ .

(e) Prove that the sequence {x, :ne M} defined by x, = V6 and x,, =4x, +6 forall

n=1 converges to 3.
&= E @ {x, 1 ne ) sequence-1b I x, =46 @ X =%, 465 Va2l,
3-8 wfewifae 53

3079_3080 5
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q:JE X, =ﬁ . nzlﬁqﬁﬂ’lﬁﬁaﬂﬁq {x,:neN}3 Wmﬂiﬁ'ﬁﬁ
T TN R |
(f) Prove that every subset of a countable set is countable. 6
i B, countable (5-43 (-G TADH countable 27|
O SR ) e ST HHTE ORI BT W S R |

GROUP-C / Rrett-ol / woqgr
3. Answer any fwo questions from the following: 12x2=24
e epafm woo @-om 56 a0 Tea we:
P §¥ THEHE! TR 4
(a) (i) Prove that every bounded infinite subset of R has atleast one limit point in R. 6
29l ST, R @-@FH bounded Y S5 F990F @36 limit point R-4
HE
R 71 Jeli% aREg 35T 9 STaUs B J F 19eT R AT limit g
HHWT 1 |
ey 343
(i) Prove that [i +F] :nely} is a monotone increasing sequence and bounded
above.
& A, {[H%] = H} sequence- monotonically increasing 9% bounded
abovel
[[H—:;] ‘ne N} e W e ga Siia At uftag above B S HHIOT IR |
(b) (i) Let S be asubset of R. Prove that S=8uSs', § being the derived set of 8. 6
w3 TR S T R-97 = B, e 3@ T =SuS @A S B S9d
derived set |
S RO IUGTEET A | §=SU S, el § GIer awmar Seey B, Tl
AT IR | -
(ii) Show that an absolutely convergent series is convergent. Is the converse 4+2
true? Justify with proper reason.
e ¢4, &3 absolutely SfeTH it wfem el & 71 ¢ Tur FE
wZRd e we)
vaer g At it afepET 575 i S W | & 7w e we
7o ? Sfga dwor R =i R
(¢) (i) State and prove density property of R. 2+4
R~ density property- Rg® 3t el |
R @Y 57T 0T Teeid Sif FETT Y |
3079 3080 3 Tumn Over
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(i1)

Let G be an open set in R, Prove that the complement of G (in R) is a closed
set in .

49 T G T R-49 @7 open set! 9 IE, G-499 complement T R-a
6 closed seti

qH G R AT G2 open WYFAU BT | G (in R) ® %6 R AT 574 Yoayg & 9+
HHIUT TR |

(iii) Show that the series zi is convergent.

W) @

(i)

(ifi) Examine the convergence of the series

m=] 17

ﬁuﬁmill HFBFE B T T R
PR

Prove that every Cauchy sequence of real numbers is convergent.
2T FLAL, AFT AW @-F Cauchy sequence T convergent sequence |
AR HeETEHS! H® Cauchy 34 HPHIRT 570 T WA 7R |
Let § be a bounded subset of R and 7 be a non-empty subset of 5. Prove that
inf S <inf T <supT =sup s
4@l TF S 7 R-a3 99 bounded TAGH @ T 7 S99 I non-empty
Boireis | et e, ’
infS<inf7 <sup7 <supS
AT S R B 9Rag 99 WeEg A TS @ USer Rl SHUwT 99 wHend 8 |
HHIT TR |
inf S <inf 7 <supT <sup$

S n+l=+n=1
=
1

S AArl=Vn=] oo wfeh R o )

ey S VL=V o e it
n
=]
——JC.-——-‘
3079 3080 4
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UNIVERSITY OF NDRTH BENGAL
B.Sc¢. Minor 3rd Semester Examination, 2025

UMATMIN20002-MATHEMATICS

CALCULUS, GEOMETRY AND GROUP THEORY
Time Allotted: 2 Hours 30 Minutes

The figures in the margin indicate full marks.

GROUP-A / fa®m-3 / wyg-o

L Answer any four questions:
faERe @@ 51afe orem Tag et
T+ HIVEGC] HHED ST o |
il

(a) Evaluate [, = jms"xdx.
L4
x2
I, = Jcﬂs”xdr-rﬂﬂﬁﬁ‘ﬁiﬂl
]
&2

Hage R [, = J-ms"x dx
[}

(b) Find y,, when y=¢*-x".
hﬁ‘ﬁﬂﬁ‘iﬁ y=g. X,
y=e*-x 9, y, OIS |

et

(e) Evaluatelnn .

) x—sinx
lim & =4 —2* _az 5w Refo 931 :
) x—sinx '

‘]@Wﬁhm——git

=) X—s51nx
(d) Establish the nature of the curve

11x* +dxy+14y* —26x—32p+23=0
Curve-53 ﬁ-‘?ﬁﬁ‘fﬁ F4

Hx' +4xy+14y" = 26x-32y+23=0
T 11x" +4xy+14y* —26x 32y + 23 = 0 B GWT TLTFTR |

3029 2023-24 |
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(¢) Find the nature of the conic & =4—5c0s@. 3
Conic ?—=4-5ws€--ﬂiﬁ?ﬁﬁ4‘ﬂﬁt
W%=4—Scnsﬂ P FHY T T |

(D) If (ab)’ =a’h’ , Va, b= G, then prove that G is abelian proup. 3
W (ab)’ =a’b® , Va, be G, O@ a¥d w1 @ G <& i@ (Abelian) group |
af% (ab)* =a’b* , Va, be G WY, WAVIR G o @l (abelian) TE 81

GROUP-B / fepl-4 / wyg-w

.t Answer any four questions: 674 =24

el @-@m oAb 2ivna Bea wes
P! AT WA TR o

(a) Prove that the intersection of two subgroups of a group (G, <) is a subgroup. 6
2 ¥ (&, @-CFF group (G, ») a3 920 subgroup-9d intersection 9% subgroup
b1
T TR [ 5% SURTEES B HRIESET U SuEE 55 |

(b) Reduce the equation x*—2xy+2y° —4x—6y+8=0 to its canonical form. 6
determine the nature of the conics.
AR x7 =2+ 27 ~4x—6y+8=0-(F canonical form-«@ F*ET Fq @
conic-% &FTe el = )
GG x* —2xy+2)" ~4x—6y+8=0 ¢ TP B HIH IR R, MEHT
I THY i |

(¢) Find the equation of the plane passing through the points (1, 1, 2) and (2, 4, 3) 6

and perpendicular to the plane x—3y+7z+5=0.
Ferea AR a9 A ® (1,1, 2) 9= (2, 4, 3)-m3 vy R ofewy 9w g
x=3y+7z+5=0 FISEHA 377 (perpendicular) T

A x =3y +Tz45=0 T o 9B A7 fB=g8® (1, 1, 2) dF (2. 4, 3) TRIR
& HHeT B HHEROT T e |

(@) IF pV™ 4 y7¥m = 2% prove that (x* —T)y,., +(2n% Dxy,,, + (B —mP)y, =0. 6
Tt i gy m 3 g, oA e A,
(o =Dz + RN, + (07 =)y, =0
gfE y”"" = y""l"" = 2x \{U, HHOT T ::Jr2 = DWuq + (20 + Dy, +(n* - mz}y,, =4F;
(e) Find the asymptotes of 3 +x*y + 2097 — y+1=0. 6
¥ 2y 227 - p oo | =0 THEABA asymptote-fF Fda w1
V4t y 4207 -y 1 =0 @) s 8% w6 s |

"
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(f) Find the area enclosed by the ellipse —~+ Y =y 6

Y=
a 2
BoE ;’52-4»5_1:1 Bl WA (e CEaTE e 34

2
. ﬂﬁqﬁ%+§=l TRT UREE & Y ST T S |

| GROUP-C / Frstsi-ot / wg-1
3 Answer any twe questions: 12x2=124
ferifaifae @-om 75 @rim Tea wes
T GEICT HHEEd| ST a5
(a) (i) Find the radius of curvature of the curve x = a(@+sinf), y = a(l—cosé), at 6
g =40.

Curve x=a(@ +sind), y=a(l-cosf) -89 = 0-08 radius of curvature 7
T4

B x=a(f+sind), y=a(l —cos@) T THA-HFT @ = 0 7 T ATF |

(11} Find the envelope of the family of straight lines £+§ =1, where parameters 6
a
a and b are connected by ¢’ +5° =¢° (cis constant).

E’LF_' Al A envelope-B A =3, @@ o 9= b wEEm

@ +b =¢ W GRE YT (@A ¢ 9o 59) |
Wim-@a§+§=lﬁmﬁm{enveiupe}qﬁrm,mﬁa3+b3‘=c3 SRT
TG WEE BF a, b FTAM ¢ & Remrgs ar)

mfd

(®) (i) IF 7, = [tan"x e, show that £, +1, =1 6
L]

4

L1

ﬂﬁfﬁzft&n Xdx,RENE A L, +1, =~
1]
=i

afe 1, = [tan"x dv WOAES 1, +1,., =L
! |

"

? revolves about the x-axis. show that the volume of 6

the sphere thus generated are %:m} :

iy =a" T8 xurEd s 9N, WE Gidle (o Beol sphere-fid
e 2 |
-3

(ii) The circle x*+y* =g

T +y% =a" o3 21 AR G0 | T I ) et ST
&5 9 3Er |

3029 _2023-24 3 Turn Cver
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(c) (i)

Find the equation of the sphere having the circle x*+)*+22=9,
x—2y+2z =35 for a great circle. Determine its centre and radius,

R NPT (sphere) T s 38 99 X7 432 427 =9, x-2y+2z=5
76l @376 I8 3 (great circle) T GR GIF &% © i Firfs 73
TATT " +p +22 =9, x—2y+2z=5 U@ NS GRS TAT T |
aa®) g o s Prafwrm |

(ii) Show that the semi-latus rectum of a conic is a harmonic mean between the

(d) (i)

(ii) If lim
)

segments of any focal chord.

creite (O (AT (Conic) G- @51 (Semi-latus rectum) (-G focal
chord-¢ segment-8 AT ZFE 518 |

gt = Sff (focal chord) ®Y FWTT TR WISHT Y o T (semi-latus
rectumn) G FHHEART FETH 50 9 @1 |

Let (G, <) be a group. Show that a non-empty subset H of G forms a
subgroup of (G, ¢) ifand onlyif ac H. be H > acb™ e H.

@ AF (G, ) G group | (F418 @ G -4 @3 non-empty subset H <%fB
G 4@ subgroup T3 M o wyE@ I (if) uc H.be H=a-b"'c H |
(G. =) U5 SE &N | 26 5 G 31 ST Wiefl 10 SRIeR U SIRIE 5
IR AN TTIR ae H be Hoa<b'e H U |

ﬂlx_;w be finite, find the value of a and the limit.
0 Hmsin'l.x+ asinx

x=al)

A4 (finite) 2, O@ -93 9 7 39 9 limit-aa
WA Fiefa 4 '
af? lim 22X S0 onprrary g o o e e |

X
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